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SUMMARY

A three-dimensional extension of the QUICK scheme adapted for the finite volume method and
non-uniform grids is presented to handle convection—diffusion problems for high Peclet numbers and steep
gradients. The algorithm is based on three-dimensional quadratic interpolation functions in which the
transverse curvature terms are maintained and the diagonal dominance of the coefficient matrix is preserved.
All formulae are explicitly given in an appendix. Results obtained with the classical upwind (UDS), the
simplified QUICK (transverse terms neglected) and the present full QUICK schemes are given for two
benchmark problems, one two-dimensional, steady state and the other three-dimensional, unsteady state.
Both QUICK schemes are shown to give superior solutions compared with the UDS in terms of accuracy
and efficiency. The full QUICK scheme performs better than the simplified QUICK, giving even for coarse
grids acceptable results closer to the analytical solutions, while the computational time is not affected much.
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1. INTRODUCTION

Computational techniques for the solution of fluid problems have reached a level of maturity
which permits safe and accurate predictions. A major challenge in the development of a numerical
model lies in the treatment of the convection terms. The application of the classical central
difference scheme leads to instabilities wherever the convection mechanism dominates over
diffusion (phenomena at large Paclet numbers).!'2 The use of the alternative upwind scheme,!
although it ensures stability for any value of the Peclet number, is burdened by its lack of
accuracy, introducing an additional diffusion term commonly referred to as ‘numerical diffu-
sion’.2* This problem may become extremely serious for unsteady, three-dimensional (3D) flows.

With the aim to reduce numerical diffusion and at the same time to secure stability, Leonard?
developed a discretization scheme which uses quadratic interpolation functions (QUICK). Use
of this scheme in a number of one- and two-dimensional problems, in conjunction with an
explicit time intergration method, showed an improved behaviour.

Several attempts followed in order to apply the QUICK scheme with an implicit time
integration method.*~!' The implicit form of the QUICK scheme presents stability problems,
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because under conditions of highly convective flows the coefficient matrix resulting from the
finite difference equations may lose its diagonal dominance. Han et al.,* in an effort to express
exactly the convected face values of the dependent variable in the way suggested by Leonard,?
discovered that they could obtain converged solutions only upon the introduction of a
pseudosource term in the equations. The type of pseudosources is entirely problem-dependent
and no general formula can be derived for other cases. Han et al.* tried a recasting of the
relationships given by Leonard,? which was effective only in the case of low Reynolds numbers.

On the basis of these observations, Pollard and Siu® realized that the stability problem was
caused by the coefficients of the linear system of equations, which under certain conditions may
assume negative values. They proceeded to a recasting of the finite difference equations in order
to secure positive definite coefficients; this version of the QUICK scheme was named QUICKER.
A different approach was used by Shyy,® who introduced an appropriately normalized relaxation
factor and obtained satisfactory results for a wide Peclet range.

It should be noted that all the above efforts apply to one- and two-dimensional problems
with uniform grids. They are also based on the simplified QUICK version, in which all transverse
curvature terms in the expressions of the face values are eliminated.

Freitas et al.” developed a three-dimensional QUICK version for non-uniform grids, in which
the diagonal dominance of the coefficient matrix is preserved in the way suggested by Pollard
and Siu.’ Their analysis, however, is based on one-dimensional interpolation functions, which
corresponds to the elimination of the transverse curvature terms according to the simplified
QUICK version.

In the present work a new variant of the 3D QUICK scheme is developed for the general
case of non-uniform grids. It uses 3D quadratic interpolation functions and can be easily
incorporated in an explicit or implicit time intergration algorithm. Since implicit integration
leads to the solution of a ‘linearized’ system of equations, a special procedure is adopted so that
a convergent solution can be ensured. All formulae are explicitly given in the Appendix for
completeness.

Two benchmark problems are studied for the evaluation of different algorithms applied to
highly convective flows. These benchmark problems combine characteristics that favour numer-
ical diffusion, i.e. three-dimensionality and steep gradients. Their simple formulation permits
comparison of numerical results and analytical solutions. A computer programme was developed
and results for the upwind, simplified QUICK and full QUICK schemes are presented and
compared.

2. MATHEMATICAL FORMULATION

2.1. Convection—diffusion equation

The general, unsteady, convection—diffusion equation describing the conservation of the scalar
quantity ¢ written in Cartesian tensorial form can be stated as

0 0 d¢
- +—|pujo—-T —)=85, 1
5 P®) ox, (p 14 ox, (1)
where p is the density, u; is the velocity vector having components 4, v and w in the directions
X; =X, X, = y and x3 = z respectively, I' is the exchange coefficient and S is a source term. It
can be shown! that the momentum and continuity equations may be expressed in the above
form, where for different ¢s the exchange coefficient I" and the source term S take on different
values.
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2.2. Finite volume formulation

Equation (1) is solved with the appropriate boundary conditions by first integrating it over
a finite number of control volumes (Figure 1) for the time interval from nAt to (n + 1)At. Using
the divergence theorem, the volume integral of the terms under the differential operator may be
converted into surface integrals representing fluxes over the faces of each control volume
according to

(pop* " — pol)Ve op < o0 2o
Foe T PORTR 1) 4, - —r %) 4 1?4
v pup =T o) 4w —{puo =T 30) Ac+{poo =T 7 1) 4,

G, d 0
- <pv<p -r ff) A, + <pwq) -T —f) A — (pwq) —-r Lp) Ay + 8% (2)
5y n 32 1 32 h

where the A;s represent the areas of the cell faces and V4 is the cell volume. The overbars in the
terms on the left-hand side denote average values in the control volume, S* is a space-time-
averaged source term and the other terms on the right-hand side represent time- and area-
averaged values.

Equation (2) represents the balance of fluxes over the typical control volume for node P and
is an exact equation. The numerical problem becomes one of estimating the local space-time
behaviour of ¢ in the vicinity of each control volume in order to evaluate the indicated average
values.

The time-averaged quantities are approximated by their values at time level (n + 1)Ar (fully
implicit scheme). The standard practice is to approximate the diffusion terms using the central
difference scheme, where a piecewise linear profile for the variation of ¢ is assumed. Hence the
term representing the diffusion flux through the east face takes the form
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Figure 1. Typical control volume for node P. Capital letters denote neighbouring nodes while small letters denote volume
faces.



316 G. ARAMPATZIS, D. ASSIMACOPOULOS AND E. MITSOULIS

where

Ir.A
D, = ——. 4
Xg — Xp

The source term is assumed to be represented by the linear form
§* =Sy + Seee )

for the general case where the source may depend on the actual value of ¢.

In this work attention is focused on the convection terms and the schemes that are used to
approximate the convected face values of the dependent variable (i.e. ¢, for the east cell face).

If the computational mesh were refined infinitely, one would expect to get the exact solution
of the differential equation irrespective of the differencing scheme used to evaluate the convective
fluxes. In practice one can only employ a finite number of cells and it is then important to ensure
that the resulting discretized equations and their solution satisfy certain desirable properties
such as conservativeness,'? convective stability,? transportiveness'? and boundedness.!3-14

The last property is generally associated with the condition of diagonal dominance of the
coefficient matrix. If diagonal dominance holds, then ¢, is a weighted average of its neighbours
and any non-physical overshoots or undershoots are avoided. However, this is only a sufficient
condition for guaranteeing boundedness and in some cases perfectly acceptable results are
obtained from schemes not satisfying this condition.'?

2.3. Upwind differencing scheme (UDS)

The upwind differencing scheme (also known as the donor cell scheme) is based on the
assumption that the convected cell face value is equal to that at the upstream cell along the
same co-ordinate direction. This assumption leads to the following computational formula for ¢_:

if u, >

0. = {“’*’ e >0 ©
o ifu, <0

This scheme is broadly used mainly because of its simplicity and excellent stability properties.

It can be shown! that the resulting coefficient matrix satisfies the diagonal dominance criterion.

It is also obvious that the transportive property is fully accounted for (no reference is made to

downstream cells) and therefore convective stability is always ensured. However, stability is

actually being achieved through the introduction (injection) of a stabilizing second-order

diffusion term (false or numerical diffusion).? This term, which dominates physical diffusion
under high-convection conditions, is responsible for many numerical inaccuracies.

2.4. Quadratic upwind differencing scheme (QUICK)

QUICK is a third-order, upwind-biased scheme which possesses the convective stability of
the first-order UDS but is free of its second-order numerical diffusion errors. The development
proceeds by first defining a general three-dimensional quadratic interpolating polynomial
function locally in every control volume of the following form:

@& Y, Op = ky + kol + k38 + katp + ksyp? + kel + Kk, 02, ™

where (&, , {) is a local co-ordinate system attached to node P (Figure 1).
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The seven coefficients k; are determined by the values of ¢ at the current control volume (P)
and its six neighbours (W, E, S, N, L and H in Figure 1):

ki = @p, (8)
Sw
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Ce
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The convected value of ¢ on the common surface between two consecutive control volumes
is evaluated by integrating the interpolating function of the upstream control volume over this
surface:

Ayp/2 Azp/2
Ao An J J ole, ¥y, Opdyp dl ifu, 20,

AyPAZP —Ayp2 J ~Azp/2
Pe = Aypi2 [Az2 . (15)
J (p(Cc’ '//7 C)E d‘/’ dC lf ue < O
AyEAZE —Ap2 J ~ Az, 12
Substituting (7)(14) into equation (15} results in the following formula for ¢,:
@p + QAEx(@p — ow) + QBEy (g — ¢p) + QCe(0s — 0p) ifu, >0,
0. = + QDp(eon — 95} + QEx(@L — @p) + OFp(@u — @) (16)

g + QAWE(@p — @g) + QBWe(0g — @) + QCe(pse — 0p) ifu, <0,
+ ODg(¢ng — @g) + QEg(@re — @) + OF{@us — @5)

where QAE,, QBE,, etc. are appropriate geometric coefficients arising from the integration.
These coefficients depend only on the geometry and are evaluated only once at the start of the
calculations. Furthermore, because they are one-dimensional, they do not require a lot of
computational space. Finally, they are always positive, which simplifies the sorting-out process
in writing the final set of algebraic equations. The full set of equations is given in the Appendix.

It should be noted that equation (7) does not contain ‘cross’-terms in &y, ¢ and {&, which
represent ‘twist’ in the quadratic interpolating function. However, as pointed out by Leonard,!®
the “twist’ terms cancel out upon integration over the control volume and thus their contribution
is zero.
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In contrast with the simplified 2D and 3D versions presented in the literature so far, the
procedure described above follows exactly the philosophy of the QUICK development. The
simplified version of the QUICK scheme is based on one-dimensional interpolation functions.
For example, for the x-direction,

O W, Dp =k, + k¢ + ks &2, (17

This practice leads to the following expression for ¢,:

_ {‘PP + QAEN(@p — @w) + QBEp(0g — ©p) ifu, >0,

) (18)
05 + QAW(@p — @) + QBWe(@g — @gp) 1fu, <O.

It can be seen that in equation (18) all the transverse curvature terms QCu(@s — @p),
ODy(pn — @p), etc. were eliminated, which drastically simplifies both the handling of the final
algebraic equations and their programming. This fact explains why all previous researchers have
adopted the simplified QUICK version. In Figure 2 the grid nodes involved in the calculation
of the face values are shown for all three schemes. The number of grid nodes involved is seven
for the UDS, 13 for the simplified QUICK and 25 for the full QUICK scheme.

Upon substitution of equations (3), (5) and (16) in the finite volume equation (2), a system of
algebraic equations is derived, the equation for node P being

UpPp = Ay Pw + UpPg + A5Ps + ANON + AL QP + APy + b. (19)
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Figure 2. Computational molecules for the three schemes
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The form of the equations is suitable for the application of Stone’s!® strongly implicit
procedure (SIP). This algorithm was used in this work. The coefficients «; i = W, E, S, N, L,
H, P) and b are given in the Appendix.

The QUICK scheme partially satisfies the transportive property because the downstream cells
appear in equations (16). However, as Leonard? proved, it fully satisfies the convective stability
criterion. The form of the coeflicients «; shows that in strongly convective flows they can take
negative values and the system of algebraic equations loses its diagonal dominance. This leads
to ‘overshoots’ and ‘undershoots’ in high-Peclet-number problems (unbounded solutions).2-3-14
It also presents numerical stability problems whenever iterative algorithms (such as SIP) are
used. This is why the full QUICK scheme has not been used at high Peclet numbers.?

In the present work and in order to overcome the last-mentioned restriction, we keep only
those terms which guarantee positive coefficients and relocate all others into the constant term
b. With this modification the coefficient ag, for example, becomes

ag =D, — C. — C,QBW, (20)
and the contribution of this coefficient to the constant term b is
[Co QAW — CSQBE, + QBy(C; — CF + € — C)(9e — @) 1)

The new pattern of the algebraic equations has a less implicit form, which results in a slower
rate of convergence. However, this formulation aids in maintaining the iterative stability of the
scheme.

3. TEST CASES

In this section two test cases are presented and the results of the UDS, simplified QUICK and
full QUICK are compared. Both test cases concern the transport of a scalar quantity by
convection and diffusion. The first one is a two-dimensional, steady state problem and the second
is a three-dimensional, transient problem.

3.1. Two-dimensional, steady state problem

The physical problem under investigation is shown schematically in Figure 3. The governing
equation is the 2D, steady state analogue of equation (1). The velocities u and v and the exchange
coeflicient I" have constant values. The scalar variable ¢ is zero on three side boundaries whereas
it has an exponential distribution on the fourth, ie.

atx=0,0<y<L,
=0 <atx=LO0<y<lL, (22)
aty=0,0<x<L,
@ = pe™?sin(nx) aty=L 0<x<L.
It can be shown that the analytical solution has the form*’

Po Pey2

o=—""—¢ sin(nx)(e"? — e™), (23)
e —en
where
r1.2 = 3Pe, £ 5/(Pe} + 4p), B = (4n> + Pel)/4 (24)

and Pe, = puL/T" and Pe, = pvL/T are the Peclet numbers in the x- and y-directions respectively.
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Figure 3. Definition of the two-dimensional, steady state benchmark problem and its boundary conditions

For the simulation presented here the following values have been used: L=1, 9, =1,p = 1,
I'=1,u=1and v =105 (angle of 5-5°), giving rise to Peclet numbers Pe, = 1 and Pe, = 10'5.
The computational domain consists of 15 cells in each direction (NX = NY = 15). All solutions
satisfy the convergence criterion

Y, lo—el <1074 (25)

allnodes

where ¢ and ¢, are the numerical and analytical solutions respectively.

In Figure 4 the value of the relative error {@ — ¢,|/¢, along the y-direction for the location
x = 0-5 is presented using the UDS and full QUICK scheme. The computational grid is uniform.
The superiority of QUICK with respect to the UDS is evident as well as the large errors of
numerical diffusion shown by the latter. The maximum values of the relative error are 12:5%
and 56% for the UDS and QUICK respectively.

Both schemes show large errors in the region where steep gradients of the @-variable exist
(large values of y). This fact favours the use of a non-uniform grid (locally denser in the critical
region). The following transformation’® was used for the grid generation:

o | = A
a—1 a—1

with the parameter « = 1-1. Figure 5 depicts the new relative errors. An appreciable error
reduction is noticeable, mainly with the QUICK scheme. The UDS errors, although reduced,
are still large. The maximum values of the relative error are now 6:8% and 1% for the UDS
and QUICK respectively. Thus the full QUICK scheme performs better for both uniform and
non-uniform grids. The solution accuracy is remarkable with the QUICK scheme when we
consider that it is achieved with relatively coarse grids.
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Figure 4. Relative error along y at x = 0-5 using a uniform grid (NX = NY = 15) for the two-dimensional benchmark

problem of Figure 3
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Figure 5. Relative error along y at x = 0-5 using a non-uniform grid according to equation (26) for the two-dimensional

benchmark problem of Figure 3
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The differences between the full and simplified QUICK schemes are presented in Figure 6.
The ratio of the relative errors of the two schemes shows the superiority of the full QUICK
scheme, which reduces errors by as much as 9%.

A decisive characteristic of every arithmetic model is the total central processing unit (CPU)
time needed for the completion of the calculations. In order to have a better understanding
about the time required with respect to the accuracy achieved, the total percentage error is used

<all nodes

where N is the total number of cells (NX x NY). CPU times and corresponding total errors ¢
for various grid sizes are presented in Figures 7 and 8 respectively. Time is given on an 80286
personal computer. Although the UDS appears to be faster for the same uniform grid size, its
large errors make it finally uneconomical. The error with the UDS for a uniform grid of size
19 x 19 is 1-53, whereas QUICK presents the same error for a grid size of only 7 x 7. The CPU
times of the two schemes are 64-21 and 19-28 s respectively and therefore the UDS is 3:33 times
more expensive than QUICK in order to produce the same accuracy. The slow rate of
convergence of the UDS is evident (Figure 8), which in certain cases may give the false impression
that a grid-independent solution has been reached.

It is seen in Figure 7 that as the number of cells becomes larger, the difference in CPU time
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Figure 6. Ratio of relative errors for the full and simplified QUICK schemes along y at x = 0'S using a non-uniform
grid for the two-dimensional benchmark problem of Figure 3. The discrepancies reach up to 9%
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problem of Figure 3 (CPU time given on a PC with an 80286 processor)
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between QUICK and the UDS becomes even larger. This is due to the non-linear (second-order)
dependence of CPU time on grid size (NX or NY) and because the UDS requires less
computation for the same number of equations. The fact that not much extra CPU time is
required between the simplified and full QUICK schemes is not suprising. The extra equations
with the geometric coefficients arising from the integration are evaluated only once at the
beginning of the calculations, as mentioned earlier. Most of the CPU time is spent on the iterative
solution of the system of equations.

Finally, to check the performance of the two QUICK schemes, two other flow direction angles
of 25° and 37° have been used (u = 45, v = 9-6 and u = 63, v = 8:4). The full QUICK scheme
again gave better results, reaching about 10% less in error relative to the simplified scheme.
This shows that the performance of the full QUICK scheme presented here is not much
influenced by the angle of the flow direction.

3.2. Three-dimensional, unsteady state problem

The physical phenomenon under investigation is the transport of a scalar quantity ¢ (pullutant
concentration) by convection and diffusion in a 3D flow field. Initially ¢ is zero throughout the
flow field. At t = 0 a pollutant mass is released instantly in a small volume centred at (xq, ¥, Zo)
with dimensions L,, L, and L, as shown in Figure 9. In this volume ¢ is initially uniform and
equal to ¢,. The air entering the computational domain does not convey any pollutant mass.
All the other boundary surfaces have zero-gradient pollutant concentration. The governing
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} e /
d e
o e
1 -Streamline
-
y
| Yo : i
Az=0.1 __ S S AP Ve
- pa 5 X ;
A / LA R —
2 - - . > X
0 > e Xo
Ax=0.1 Pollutant cloud

(0=0,)

Figure 9. Definition of the three-dimensional, unsteady state benchmark problem and its initial conditions
(NX=NY=NZ=13)
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equation has the form of (1) with constant u, v, w, p and I'. The analytical solution of the
corresponding one-dimensional problem is given by Crank.'® The solution of the 3D problem
is simply the product of the three one-dimensional solutions, i.e.

_ %o [erl(L"/z - X) N err(L"/z + X)][eﬂ(Ly/z — Y) . er((Ly/z + Y)]
¢=% |\ 2T 2J(Ttlp) 2J(Tt/p) 2J(Tt/p)
L2—-Z L2+2Z
* ["”(w(rz/p)) * ‘”r(zwrz/p))]’ %)

where X, Y and Z are the distances from the centre of the cloud defined by X = x — x, — ut,
Y=y—y,—vtand Z =z — z, — wt. The following non-dimensional quantities are used:

concentration ® = @/¢,, (29)
distance L, = (I — I, — Vi)/Ax, (30)
time T = Vit/Ax, (31

where o = /(x5 + ¥5 + 28), | = J(x? + y* + z%) and V = J(u* + v* + w?).

Results have been obtained for a uniform grid of 13 cells in each direction with Ax =
Ay = Az =01 and an integration time step of At = 0-0l. The initial pollutant mass covers
3 x 3 x 3 cells in the computational domain (L, = 3Ax, L, = 3Ay, L, = 3Az) with x, = 7Ax,
Yo = 7Ay and z, = 7Az. The grids have been chosen intentionally coarse so as to better show
discrepancies between the three schemes. The other parameters have values ¢ = 1, p = 1 and
V =15 and the exchange coefficient I has values according to the grid Peclet number
Pe, = pVAx/T.

Three cases have been studied, one with the flow velocity aligned with the computational grid
(u = 15, v = w = 0), another where it forms an angle of 45° with the grid lines of the xy-plane
u=v= \/1~5, w = 0) and another with an angle of 22-:5° (u = 138, v = 0-57, w = 0). The results
are presented in the form of concentration distribution with distance along the streamline passing
through the centre of the cloud. Figures 10 and 11 show results for grid Peclet numbers of 100
and 150 respectively, while Figures 12 and 13 shows results for Pe, = 100. In all cases the time
is set at T = 6.

Errors of numerical diffusion are clearly obvious in all solutions with the three schemes.
This is not surprising, however, taking into account that only 3 x 3 x 3 cells have been
used to cover the pollutant mass. It is seen that the UDS performs worse than the QUICK
schemes. Its poor performance is twofold: first, it provides an underestimation of the peak
value of concentration (up to 55%-70%); second, it disperses concentration values outside the
boundaries of the analytical solution. The latter results in non-zero values in positions
where the concentration should have been zero. An increase in numerical diffusion exists
in the case of a non-aligned flow (Figures 12 and 13). The combination of the two mechanisms
generating numerical diffusion (truncation error and cross-flow diffusion)® leads to unrealistic
results.

The QUICK scheme shows a better behaviour and the underestimation of the peak con-
centration is of the order of 20%. The numerical diffusion in the case of a non-aligned flow
is even smaller than for the corresponding UDS in parallel flow. This observation reveals
that the main cause of numerical diffusion is the truncation error, which is less for QUICK
than the UDS. In the QUICK scheme, however, phase errors are present which do not exist in
the UDS, since in the latter the low-wavelength harmonics are reduced because of numerical
diffusion.?®
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Figure 10. Comparison of results by different methods for the three-dimensional, unsteady state benchmark problem.
Flow aligned with the grid; Pe, = 100, T = 6
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Figure 11. Comparison of results by different methods for the three-dimensional, unsteady state benchmark problem.
Flow aligned with the grid; Pe, = 150, T =6
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Figure 12. Comparison of results by different methods for the three-dimensional, unsteady state benchmark problem.
Flow at angle of 45° to the grid; Pe, = 100, T =6
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Figure 13. Comparison of results by different methods for the three-dimensional, unsteady state benchmark problem.
Flow at angle of 22-5° to the grid; Pe, = 100, T = 6



328 G. ARAMPATZIS, D. ASSIMACOPOULOS AND E. MITSOULIS

The differences between the full QUICK and simplified QUICK schemes, although not large,
are evident for all flow directions studied. The underestimation of the peak concentration value
in the simplified QUICK scheme is around 25%. It also gives larger errors at the points where
the analytical solution has zero values.

4. CONCLUSIONS

Two different benchmark problems have been studied for the application of three different
schemes in highly convective flows. The first test case concerns a two-dimensional, steady state
problem, while the second concerns a three-dimensional, unsteady state problem. The general
convection—diffusion equation has been solved numerically using the control volume approach.
The three different schemes used to handle convection are the upwind, simplified QUICK and
full QUICK discretization methods. For the two-dimensional case it is shown that for uniform
grids the simplified QUICK scheme reduces the error by almost a half compared with the upwind
scheme. Non-uniform grids further reduce the error, which is negligible for the QUICK scheme.
The simplified QUICK scheme gives errors of up to 9% compared with the full QUICK scheme
in approximating the analytical solution. The CPU time required using the full QUICK scheme
is not much different than for the simplified QUICK scheme, while the accuracy is improved.

The three-dimensional, unsteady state benchmark problem again shows the markedly superior
performance of the QUICK scheme compared with the UDS. The full QUICK scheme gives a
better approximation than its simplified version, especially for coarse grids, while the CPU time
is not much affected. It is believed that the full QUICK scheme, equally applied to uniform and
non-uniform grids in its 3D version, is more appropriate and should be used in further
computations of highly convective flows.
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APPENDIX: QUICK FORMULAE FOR CONVECTED FACE VALUES

The equations used to approximate the convected face values of the dependent variable ¢ are

©p + QAEp(@p — 0w) + OBEp(@g — @p) + QCpls — @p) ifu, 20,

0, = + ODp(on — @p) + QEp(@r, — @) + QFp(0y — @p) (32)

@ + QAW(@p — ¢g) + QBWi(0g — ¢ggp) + QCe(pse — @) 1fu, <0,
+ ODg(ong — @8) + QEg(@1g — @) + QF (0ur — @5)

@p + QAW @w — @p) + QBWi(9p — ¢g) + QCp(s — ¢p) ifu, <0,

0, = + QDp(on — @p) + QEp(@y, — @p) + QFp(0y — @p) (33)

ow + QAEw(@ow — ¢ww) + OBEw(0p — @w) + QCwlosw — ow) ifu, =0,
+ ODw(onw — Ow) + QEw(oLw — @w) + QF w(ouw — ow)
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(0p + QAp(@w — ©p) + QBp(og — @p) + QCNp(@p — 05)
+ ODNy(on — @p) + QEp(@ — @p) + QFp(0oy — @p)

on + QAN@nw — @n) + @Bn(ong — @n) + QCSN(@p — @n)
N + ODS\(on — onn) + QEN(oLn — o) + OFN(@uy — oN)

@ =<

= + QDSp(pp — on) + QEp(0r — @p) + QFp(@oy — ¢p)

()DS =
¢s + QAs(@sw — @s) + OBg(ose — @5) + QCNs(ps — ¢s5)  ifv, 2 0,
b + ODNy(@p — @5) + QE(ors — ©5) + QF (s — @)
@p + QAp(ow — ©p) + OBp(@g — @p) + QCh(0s — @p)
0 = + QDplon — @p) + QEHW(@p — @) + QF Hp(oy — @)
ou + QAu(ouw — @n) + OBy(oue — ¢n) + QCy(ops — @n)
+ @Dy(Qun — @n) + QELy(9p — o4) + QF Ly(on — @un)
op + QAplow — ©p) + OBp(9e — @p) + QChl0s — @p)
0, = + QDp(on — @p) + QELp(¢0r, — @p) + QF Lyp(0op — 1)

oL+ QA(orw — @) + OBi(o1g — @) + QCL(ors — @)
+ @Dy (oin — @) + QEH (oL — ¢11) + QFH (0p — @)

The geometric coefficients appearing in the equations above are defined by

Ax3
QAP = ’
3(Axp + AxW)(Axw + ZAxP _+_ AXE)
Ax}
0B, = |
3(Axp + AXE)(AXW + 2AXP + AXE)
Ay
QCP = yP ’
3(Aye + Ays)Ays + 28yp + Ay
Ay
QDP = ,
3(Ayp + Ayn)Ays + 2Ayp + Ayy)
Az}
QE, = |
3(Azp + Az Az + 2Azp + Azy)
Az}
QFP = ’
3(Azp + Azg)Azy + 2Azp + Azy)
QAEP —_ AXPAxE ’
(Axp + Axyw)Axyw + 2Axp + Axg)
QBE, = 2Ax3 + AxpAxy |
(Axp + Axg)Axy + 2Axp + Axg)
QA WP = ZA_X% + AXPAXE ’
(AXP + Axw)(Axw + ZAXP + AxE)

((PP + QAp(ow — @p) + OBp(0g — @p) + QCSp(@s — ©p) ifvo, <O,
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(34)

(35)

(36)

(38)

(39)

(40)

(41)

42)
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QBW, = AxpAxy , 47)
(Axp + Axp)(Axy + 2A%p + Axg)
QCN, — Ayelyy , 48)
(Ayp + Ays)(Ays + 2Ayp + Ayy)
ODN, = 2Ay5 + AypAys 49)
| 3
(Ayp + AynNAys + 2Ayp + Ayy)
ocs, = vk + Ayl A (50)
" (Aye + Ays)lAys + 2Ayp + Ayy)
0DS, = Aelys (51)
(Ayp + AynNAys + 2Ayp + Apy)
QEH, = - Dol : (52)
(Azp + Az )(AzL + 2Azp + Azy)
OFH, = 2Az3 + AzpAzy 53)
P 7 (Azp + Azy)Azy + 2Azp + Azy)’
OEL, = 2Az3 + AzpAzy (54
* 7 (Azp + Az )(Azy + 2Azp + Azy)’
AzpA
QFL, = sl (55)

(Azp + Azy)(Azy, + 2Azp + Azy)’

The coefficients o; and b in equation (19) have the form
aw =D, + Cy + CIQAEp + C, QAW — CHQBEw + QAp(C; — CH + C7 — C), (56)
ag =D, — Co — CoOQBW, + CoQAW, — CHQBEp + QBp(C; — CH + C7 — CF), (57
as =D, + C + CSQCNp + C; QCSp — CHQDNg + QCo(C,, — CF + C7 — C),  (58)
an =D, —C; — C;0DSy + C, QCSy — CFQDNp + QDy(Cy; — C + C7 — CF),  (59)
ap =D+ C' + CfQEHp + C{ QELp, — C;*QFH + QEx(C, — C} + C; — C}), (60)
ay=D,—Cy — C/QFLy + C; QELy — C{ QFHp + QFy(C, — C + C; = C), (61)
ap = Oy + 0 + 0 + oy + o + oy + CF — Sp, (62)

b= Cpp + Sy
+ CA[QAEW(pw — oww) + QCw(@sw — ow) + QDwl(onw — Ow)
+ QEwl(oLw — ow) + QF w(ouw — ow)]
— C.[OBWi(@e — ¢ge) + QCe(@sg — @) + QDg(@ne — @5)
+ QEg(@Le — @) + QF g(@ue — ¢6)]
+ CS[QAs(9sw — @5) + OBs(@se — ¢s) + QCNy(@5 — @ss)
+ QE((ps — ¢s) + QF (@us — ¢s)]
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— G, [QAN@nw — ©n) + OBnlone — on) + QDSnlon — onn)

+ QEN(@Ln — @) + OFN@un — on)]

+ G [QAU@Lw — @1) + @Bi(ore — ¢1) + QCL(@1s — @)

+ @D (@1n — @) + QEH (@) — ¢1)]

— Gy, [QAu(@ouw — on) + @Bu(oue — ¢n) + QCu(9us — @u)

+ ODy(pun ~ @u) + QFLy(on — @un)l- (63)

where C2 = p8V,At, C} = max(0, C,), C; = max(0, —C,), C, = p.u A, etc.

O —

19.
20.
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